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Quasiparticle injection devices are considered as one of the candidates for the high temperature
superconductor transistors, which can operate at liquid nitrogen temperatures. In these devices
the nonequilibrium effects are created by injecting quasiparticle current into a stack of intrinsic
Josephson junctions (IJJs). These effects lead to an occurrence of a shift of the condensate
chemical potential and a difference in the distribution between the electron-like and the hole-like
quasiparticles that causes a charge imbalance. Such effects are observed in many experiments for
both bulk and layered superconductors. In this paper, we study non-stationary nonequilibrium
charge imbalance effect due to current injection in a stack of IJJs. We investigate the effect of
the charge imbalance on the current-voltage characteristic (IVC) and the time dependence of the
voltage and the quasiparticle potential in a stack of five IJJs.
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I. INTRODUCTION
In strongly anisotropic layered high temperature superconductors such as (Bi2Sr2CaCu2O8), the superconducting
layers CuO2 (S-layers) together with intermediate dielectric layers (BiO, SrO) form the system of intrinsic Josephson
junctions (IJJs)[1]. The thickness of the S-layers in a high-temperature superconductor is comparable to the screening
length of the electric charge and charge relaxation length. For this reason, the screening of the charge in an individual
S-layer is incomplete and the electric field induced in an individual Josephson junction penetrates to the neighboring
junctions. The electric neutrality of the S-layers is dynamically broken. When an external electric current flows
through the IJJs, the superconducting layers are in a nonequilibrium state because of the injection of quasiparticles
and Cooper pairs[2]. Since an uncompensated electric charge exists in the junctions, an additional current between
superconducting layers should be taken into account. This contribution to the quasiparticle current owing to the
difference between generalized scalar potentials is called diffusion current [3–5]. In the absence of the complete
screening of the charge in the S-layer, the Josephson relation for the gauge invariant phase difference between S-layers
is generalized. In contrast to the equilibrium case, the derivative of the phase difference in the l-th junction depends
now not only on the voltage VlV(l,l−1) in this junction but also on the voltages in the neighboring ((l -1)th and (l +
1)th) Josephson junctions.
The dynamics of a stack of IJJs in HTS are theoretically investigated previously with the quasi-neutrality breakdown
effect [6] and the quasiparticle charge imbalance effect [2, 3, 7–9] . In Ref.[2], two effects are observed experimentally
for the stationary case (i.e. no displacement current) which result from the charge imbalance in the S-layers. The
first one is the shifting of the Shapiro step from the canonical value ~f/(2e), where f is the frequency of radiation,
~ is Plancks constant and e is the electric charge. The second effect occurs when two mesas structures are close to
each other on the same base crystal and the influence of the current through one mesa on the voltage drops across
the other mesa is measured.
The charge imbalance effect is essential if the layer thickness ds is smaller than the characteristic length of the
nonequilibrium relaxation le [10–12]. In the layered superconductors with IJJs nonequilibrium effects become impor-
tant since the effective layer thickness is small (3 ∼ 10 A˚) and a typical value of le is about 1 µm, so that ds << le
[13].
In this paper we present the results of the investigation of the time dependence of the voltage in each Josephson
junction and the quasiparticle potential in each S-layer in the stack of IJJs in the presence of non-stationary nonequi-
librium charge imbalance effect. We use the capacitively coupled Josephson junctions model (CCJJ+DC) including
the charge imbalance effect (CIB).
2II. MODEL
Let us consider a system of N+1 S-layers in anisotropic high-Tc superconductor shown in Fig. 1. The thickness of
the superconducting and the insulating layers are denoted by dls and d, respectively. At the edges of the stack the
effective thickness of the S-layer can be extended due to the proximity effect into the attached metals. The thicknesses
of the 0th and Nth S-layers are denoted by d0s and d
N
s , respectively. All other S-layers and the insulating layers in
between are of the same thickness. The N+1 S-layers are characterized by the order parameter ∆l(t)=exp [iχl(t)]
with the time dependent phase χl(t) and form N Josephson junctions [1]. The gauge invariant phase difference and
the voltage of each IJJ are represented by φ(l,l+1) ≡ φl and Vl, respectively, while the tunneling current is represented
by Jqp0 = J
qp
N = J for the first and the last S-layers and by J(l,l+1) for the middle layers (see Fig.1). The quasiparticle
potential of each S-layer is represented by ψl.
FIG. 1: (Color online) Schematic diagram of a system of IJJs in HTS. Superconducting layers, which are numbered by l
running from 0 to N, form a system of IJJs with phase differences φl = χl − χ(l−1); ds and d are the thicknesses of the
superconducting and dielectric layers, respectively. The charge imbalance is represented by the quasiparticle potential ψl while
the current through the junctions is represented by J(l,l+1). The first and the last S-layer have J(0)=J=J(N+1).
The system of equations describing this electric scheme includes: the generalized Josephson relation with charge
imbalance and the total current given by the CIB model, in addition to the kinetic equations for the quasiparticle
potential in the S-layers [7]
ϕ˙1(t) = (1 + 2α)v1 − α(vl−1 + v1+1) +
ψ1 − ψl−1
β
(1)
v˙l(t) =
J
Jc
− sinϕl − βϕ˙l + ψl − ψl−1 (2)
ζlψ˙l = ηl
(
Jqpl − J
qp
l+1
)
− ψl (3)
where vl is the voltage, normalized to V0 = ~ωp/2e, ω
2
p = 2eJc/~C is the plasma frequency, Jc is the critical
current of the junction and C is the capacitance of the junctions, α is the coupling parameter between IJJs, β =
1/R(~/(2eJcC)
1/2) is the dissipation parameter (if β << 1 we have under-damped case, while for β >> 1 we have
over-damped case [6]), R is the junction resistance, τ = ωpt is the normalized time, Ψ = ψ/RJc is the normalized quasi-
particle potential, ξl is the normalized quasi-particle relaxation time, ηl = 4r
2
D/d
l
s is the non-equilibrium parameter,
rD is the penetration depth of the electric field and J
qp
l is the quasi-particle current of each S-layer, dot means the
time. An estimation of these parameters can be found in Ref.[13–17]. Eq.(1) shows that the phase of each junction
depends on the voltage of the neighboring junctions and the difference between the quasi-particle potential of the
neighboring S-layers. Eq.(2) represents the total current in the junction in the normalized form. Current through
the IJJ consists of the displacement current (C dV/dt), the supercurrent (Jc sinφ) and the quasi-particle current
((~ϕ˙)/2eR+ ((Ψ(l − 1)− Ψl))/R) as found by the CIB and CCJJ+DC models [9, 18]. Eq.(3) represents the kinetic
equations for charge imbalance potentials in the CIB model. The first term is proportional to the tunneling of the
quasiparticles through the IJJs, while the second term represents the relaxation of the quasiparticles in each S-layer.
We solve this system of equations numerically using the fourth order Runge-Kutta method.
3III. RESULTS
In this section we present the IVC and time dependence of the voltage and the quasiparticle potential in a stack of
IJJs. We consider a system of five IJJs with β=0.2 (under-damped case, where the IV characteristic has a hysteresis
region [19]). Fig. 2 demonstrates the IVC of stack at β=0.2 and α=0. Fig.2 (a) shows the IVC of the system without
charge imbalance effect (η=0,ξ=0). In Fig.2 (b) the one loop IVC of the stack with ηl=0.4, ξl =0.1 is shown. The IVC
demonstrates a step structure near Ic and in the hysteresis region. These steps correspond to the different branches
as shown in the inset of Fig. 2 (b).
(a) (b)
FIG. 2: One loop IV characteristic of a stack of 5 IJJs with periodic boundary condition (vN = v0, v(N+1) = v1, and ψN = ψ0,
ψN+1 = ψ1) (a) without the charge imbalance effect. (b) with the charge imbalance effect (ηl = 0.4, ξl =0.1 ). The inset shows
the branched IV characteristic. If α= 0 the IJJs are not completely decoupled from each other(see Eq.(1)).
If one of IJJs switches into resistive state, the nonequilibrium quasiparticle distribution is induced in the neigh-
boring junctions and give rise to a charge imbalance. The presence of a charge imbalance in the S-layers leads to
the appearance of a quasiparticle current through the neighboring junctions. A decrease in the supercurrent through
these junctions occurs. In order to switch these junctions to the resistive state a larger external current is needed.
Such process is known as current effect [2, 13]. The branches in the IV characteristic correspond to different number
of the IJJs in the rotating (R-state) and in the oscillating state (O-state). The time average <dϕ/dt> is constant
and < sinϕ> is zero for a junction in the rotating state, while for the oscillating state, the time average <dϕ/dt> is
zero and < sinϕ> is constant [18, 20].
FIG. 3: One loop IV characteristic of a stack of 5 IJJs, the arrows show the direction of the current while the circles represent
the points at which we investigated the time dependence for voltage and quasiparticle potentials.
Fig. 3 demonstrates the IVC of 5 IJJs at β=0.2 and α=0.5, ηl=0.4 and ξl=0.1. Arrows indicate the direction of
4current sweeping. We investigate time dependence of the voltage in each IJJs and the quasi-particle potential in each
S-layer in different regions of the IVC.
The first point A of Fig.3 corresponds to the zero voltage state. In this region all the IJJs are in the O-
state and the current is carried by the Cooper pairs only. The second point B corresponds to the state in
which first, third and fifth IJJs are in the R-state (R(1,3,5)), while the second and fourth junctions are in the O-
state. Points C and D lies in the outermost branch (i.e. state R(1,2,3,4,5)) and point E correspond to the state R(1,4).
The time dependences of the voltage for the points B, C, D and E are shown in Fig. 4. Fig. 4 (a) demonstrates
time dependence of the voltage for each IJJ at point B. The voltage of the IJJ in the state R(1,3,5) is oscillating (see
dashed thick, long dashed thin and dashed thin curve in Fig. 4 (a) respectively). The voltage for the IJJs in O-state
is a straight line in this scale (see solid thick and solid thin curve). However, in the inset we can see small ripples
in the voltage for these junctions, as a result of the coupling between IJJs and the charge imbalance on the S-layers.
These ripples depend on the difference in the quasiparticle potential on the neighboring S-layers (see Eq.(1)).
FIG. 4: (color online) Time dependence of voltage in each IJJs in the stack: (a) at point B, (b) at point C, (c) at point D,
(d) at point E. vl is the voltage in the l-th IJJ. Dashed thick line (green online) related to first IJJ, solid thick line (red online)
related to second IJJ, long dashed thin line (black online) related to third IJJ, solid thin line (blue online) related to fourth
IJJ, dashed thin line (orange online) related to fifth IJJ.
In Fig. 4 (b,c) the time dependences of voltage at points C and D are shown respectively. The voltages of all
junctions oscillate with the same amplitude and frequency. The frequency of voltage oscillations at point D (which
corresponds to the hysteresis region) is less than the frequency at point C, because these points correspond to
different voltages in the IV characteristic (see Fig. 3). Fig. 4 (d) presents the time dependence of voltage at points E.
The voltage of the IJJs in R(1,4) oscillate harmonically (dashed and solid curve, respectively). The IJJs in O-state
demonstrate small ripples in the voltage due to the charge imbalance in the neighboring S-layers which lie between
resistive and superconducting junctions.
Fig.5 demonstrates time dependence of the quasiparticle potential in S-layers in the stack of IJJs. Fig. 5 (a-1,2,3)
shows the quasiparticle potential at point B for the first, second and third S-layers respectively. The potential of the
first S-layer ψ0 oscillates harmonically and its average value is <ψ0> =0 (see Fig. 5 (a-1)), while ψ1,2 have modulated
oscillations and their average value have different signs <ψ1,2> 6=0 (see Fig. 5 (a-2,3)).
5Fig. 5 (b-1,2,3) and (c-1,2,3) show time dependence of the quasiparticle potential at point C and D for the first,
second and third S-layers respectively. These points correspond to the outermost branch (all IJJ are in R-state) and
all ψl here oscillate harmonically around zero value. The amplitude of oscillations is maximal at the edges (see Fig. 5
(b-1,c-1)) and decreases to the middle (see Fig. 5 (b-3,c-3)). The average value of <ψl − ψl−1> =0, as a result there
is no influence of charge imbalance on the IVC in this case.
FIG. 5: (color online) . Time dependence of the quasiparticle potential in S-layers in the stack for different regions in the IV
characteristic shown in Fig.3. Point B corresponds to the R(1,3,5), points C and D correspond to all the IJJs in the R-state
outside and inside the hysteresis region, respectively, and point E corresponds to the R(1,4).
Fig. 5 (d-1,2,3) demonstrates time dependence of the quasiparticle potential at point E for the first, second and
third S-layers respectively. The potential of the first S-layer ψ0 oscillate harmonically and its average value is <ψ0>
=0 (see Fig. 5 (d-1)). Fig. 5 (d-2) shows that the potential of the second S-layer ψ1 oscillates with a small modulation
and its average value is <ψ1> 6=0. The quasiparticle potential ψ2 has a modulated oscillations and <ψ0> =0 (see
Fig. 5 (d-3)). As it can be seen from Fig. 5 (a-1,2,3) and (d-1,2,3), the amplitude of the quasiparticle potential is
large for the S-layer which is placed between resistive and superconducting junction. This behavior is consistent with
the results for the quasiparticle potential in Ref.[7] for the stationary case.
IV. CONCLUSIONS
We have investigated the effect of charge imbalance on the IV characteristic in a stack of five IJJs. In the case
of nonstationary charge imbalance in the stack of IJJs, we have found that not all the junctions are collectively
switched to the resistive state, which is due to the current effect. We have simulated the branch structure of the
IV characteristic and have investigated the time dependence of voltage for each IJJs and the quasiparticle potential
for each S-layer at different points of the IV characteristic. Consistent with other authors we have found that the
charge imbalance becomes stronger when the superconducting layer is placed between resistive and superconducting
junctions.
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